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Abstract 
The Bermudan option pricing problem with variable transaction costs is con-
sidered for a risky asset whose price process is derived under the informa-
tion-based model. The price is formulated as the value function of an optimal 
stopping problem, which is the value function of a stochastic control problem 
given by a non-linear second order partial differential equation. The theory of 
viscosity solutions is applied to solve the stochastic control problem such that 
the value function is also the solution of the corresponding Bellman equation. 
Under some regularity assumptions, the existence and uniqueness of the so-
lution of the pricing equation are derived by the application of the Perron 
method and Banach Fixed Point theorem. 
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1. Introduction 

The problem of pricing and hedging in the context of arbitrage-free option pric-
ing in complete markets is well developed in the literature. However, the possi-
bility of a perfect hedge is restricted to the complete market, to certain models 
and restrictive assumptions. The seminal work of [1] [2], provided the first theo-
retical framework for pricing options in a market with no imperfections like trans-
action costs, and under strict assumptions such as constant volatility, and nor-
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mality of asset returns. Over the past five decades, several attempts have been 
made to modify the Black-Scholes-Merton (BSM) framework to ensure that theo-
retical option pricing models give prices that are close to true market positions. 
Several extensions have been developed to incorporate jump processes, dividend 
payments on the underlying, transaction costs of trading, stochastic volatility 
and arbitrage possibilities.  

[3] proposed a new framework for pricing options based on the emergence of 
information also referred to as the “Information-based model” (IBM) or the 
“Brody-Hughston-Macrina” (BHM) framework or more generally “X-factor 
Theory”. The primary idea under the IBM is that market filtration is modelled 
such that it is generated by a set of processes that carry information about the 
future cash flows generated by financial securities. Such cash flows can be seen 
as random variables or represented as a function of one or more random va-
riables referred to as “market factors” or “X-factors”. These X factors are linked 
to the information processes that generate market filtration so that the value of 
the X-factor is known at a given fixed time by the associated information process. 
The conventional examples of information processes studied in literature are 
based on the Brownian, Gamma, Variance Gamma and Lévy Random Bridges.  

Unlike standard option pricing models where the market filtration is chosen 
implicitly by specifying the law of the price process, the IBM constructs the 
market filtration explicitly thereby allowing price movements to show more 
structure. The approach also incorporates both deterministic and stochastic vo-
latility when valuing contracts. The IBM has been majorly applied to value Eu-
ropean-style contracts such as credit risky bonds under the assumption of mar-
ket completeness with no transaction costs, see [3] [4] [5]. However, some ex-
tensions, for example in [6] [7] examine information inefficiency under the IBM 
that reflects an incomplete market setting. No attempt has been made so far to 
account for transaction costs of trading under the IBM. [4] also suggested that the 
information-based framework could be used to value contracts with pre-maturity 
default times. Therefore, the approach can be applied to price Bermudan-style 
options which are exercisable at pre-determined times before the date of expira-
tion. 

The valuation of the Bermudan-style option is generally a discrete-time op-
timal stopping problem, which in most cases, cannot be solved explicitly. Many 
different approaches for numerically solving optimal stopping problems, and in 
particular Bermudan pricing problems have been studied in the literature, for 
example in [8] [9] [10]. In discrete time and for a finite time horizon, the problem 
can easily be solved using dynamic programming such that the optimal stopping 
problem is transformed into a stochastic optimal control problem represented 
by the Bellman equation. This means that the solution of the Bellman equation is 
the value function representing the price of the Bermudan option. In the litera-
ture, an important approach for approximating the solution of the Bellman equ-
ation is by applying the theory of viscosity solutions introduced by [11]. See [12] 
[13] [14] [15] [16], for different forms of the Bellman equation solved using the 
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notion of viscosity solutions. The common practice entails showing that the Bell-
man equation exists and proving that it admits a unique solution given some 
general conditions.  

This article extends the IBM by incorporating transaction costs of trading in 
valuing Bermudan options which correspond to an incomplete market setting 
that replicates the real market position. We derive the Bellman equation arising 
in pricing Bermudan options with variable costs for assets driven by Lévy Ran-
dom Bridge market information process. This is the first attempt to incorporate 
transaction costs in deriving the Bermudan pricing equation and its associated 
Bellman equation under the information-based framework. Further, we prove 
under general conditions on the value function, the existence and uniqueness of 
viscosity solutions of the derived Bellman equation.  

The rest of the paper is organized as follows. Section 2 presents the modelling 
framework under the Information-based model. Section 3 involves the deriva-
tion of the Bermudan option pricing equation under variable transaction costs 
for an asset process evolving according to IBM. Section 4 presents the Bellman 
equation arising in the stochastic optimal control problem. Finally, Section 5 
presents mathematical results of the existence and uniqueness of the solution to 
the Bellman equation.  

2. Modelling Framework under the Information-Based  
Model 

Consider a financial market consisting of three assets: a risk-free asset B, a risky 
asset S and an option V. Given the time horizon [ ]0, ,T T ∈  and the proba-
bility space ( ), ,Ω �  such that Ω is a non-empty set representing all possible 
future states of the financial market,   is a σ-algebra representing all out-
comes of a random process, and   is the risk-neutral probability measure such 
that [ ]: 0,1→  . 

For every [ ]0,t T∈ , let t  be a sub-sigma algebra of   such that  

1t t+⊂ ⊂    is a filtration satisfying the condition of right continuity. The 
risky asset tS ∈  is assumed to generate cashflows tX  such that the sequence 

{ }1 2, , ,t TS X X X= �  of random variables can be modeled as measurable map-
pings :tS Ω→ � . tX  is assumed to be integrable and has a priori continuous 
distribution ν.  

2.1. Asset Price Dynamics under the Information-Based Model 

IBM assumes the existence of a market information process tξ  such that 

( )t tσ ξ=                            (1) 

where tξ  reveals all information about the price of tS  to market participants. 
The class of processes termed the Lévy Random Bridges (LRBs) is used as the 
market information process. LRBs are a generalization of the Brownian and 
Gamma bridges which are Lévy processes conditioned to have a specified ter-
minal marginal density. The generalization of the gamma bridge process is use-
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ful in modelling an accumulation process. In contrast, the generalization of the 
Brownian bridge process which is adopted in this study, allows one to model the 
emergence of both actual and noisy information. According to [4], LRBs are a 
good choice because of their Markov property, dynamic consistency and ability 
to incorporate any form of distribution for the terminal value.  

In the original IBM, the LRB market information process generalising the 
Brownian bridge is given by 

,t T t T TtX Xξ λ β ξ= + =                      (2) 

where TtXλ  denotes the actual information relating to the value of TX  with 
λ  denoting the constant rate of information flow to market participants, and  

( )
~ 0,t

t T t
N

T
β

− 
 
 

 representing the Brownian bridge process that consists of  

market noise or rumours relating to the value of TX . The Brownian bridge 
process tβ  is assumed to be independent of TX , and therefore represents pure 
noise.  

According to [17], market information includes but is not limited to the 
number of news releases about the volume of the risky asset traded, investor 
opinion and volatility of the price. Such information is expected to grow with 
time reducing uncertainty about the value of the terminal cash flow. Therefore, 
as opposed to a constant rate of information flow, this study assumes that in-
formation arrives steadily to market participants and any inconsistencies or 
market noise is modelled by the Brownian bridge process. The information flow 
rate increases linearly leading to greater information about the value of TX   

such that λ in the LRB market information process is replaced by i
t
T

λ = , for  

0, , 2 , ,i t t T= ∆ ∆ � . This means that at time 0, market participants do not have 
any access to information about the value of terminal cash flow TX , and the 
rate of information flow grows linearly up to time T when the value TX  is 
known by all market participants. The information process is given as 

,t i T t T TtX Xξ λ β ξ= + =                      (3) 

The risk-neutral price of tS  is defined by 
( ) [ ]e |r T t

t T tS X ξ− −=                        (4) 

where r is the risk-free rate of interest. Expanding Equation (4) yields 

( )

2 2
0

2 2
0

1exp d
2

e
1exp d
2

i t i
r T t

t

i t i

Tx x x t x
T t

S
T x x t x

T t

λ ξ λ ν

λ ξ λ ν

∞

−

∞

−

  −  −   =
  −  −   

∫

∫
           (5) 

The stochastic differential Equation (SDE) for tS  is given as follows as 
shown in [8]. 

0d d ,dt t t tS S t W S sµ σ= + =                   (6) 

where μ is the mean return on the risky asset, tW  is an t -Brownian motion 
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defined as 

( )
0

1 d
t

t t i T sW tX s
T s

ξ λ ξ= − −
−∫                  (7) 

and tσ  is the volatility process defined as 

( ) ( )e |r T t i
t T t

T
Var X

T t
λ

σ ξ− −=
−

                  (8) 

2.2. Bermudan Option Pricing under the Information Based  
Model 

Consider a Bermudan call option with maturity at time T. The option can be ex-
ercised 1P ≥  discrete times that are equally spaced. This means that 1t t= ∆ ,  

2 2 , , Pt t t P t= ∆ = ∆� , with 
Tt
P

∆ =  and 1 2 Pt t t< < <� . For a strike price K, 

and [ ]0, ; 1, 2, ,pt T p P∈ = � , the payoff process is given as 

( ) ( )max ,0
p pt tS S KΦ = −                     (9) 

where 
ptS  evolves according to the process in Equation (6). The valuation of 

Bermudan options is an optimal stopping problem which involves finding the 
optimal stopping time for exercising the option. Let the stopping time τ be de-
fined as { } pp ttτ ξ= ∈ . The risk-neutral time pt -price of the Bermudan call op-
tion is defined by the value function 

( ) ( ) ( ), e |p

p

r t
p tV S t Sτ

τ ξ− −  = Φ 
�  

The optimal stopping problem can be formulated as follows 

[ ] ( )0,max , pT V S tτ∈                       (10) 

The value of τ that realizes the maximum is the optimal stopping time defined 
by 

( ) ( ){ }ˆ min 0; ,V S Sττ τ τ= ≥ = Φ                (11) 

The optimal stopping problem in Equation (10) is transformed to a stochastic 
control problem such that ( ),V S τ  satisfies the discrete Bellman equation given 
by 

( )

( ) ( )

, 0

,

V V S
t

V S Sτ

τ

τ

∂ + = ∂
 = Φ


                     (12) 

where   is the partial differential operator of the IBM partial differential Equ-
ation (PDE) with variable transaction costs. This is derived in Section 3 via a 
hedging argument.  

3. Pricing Equation under Variable Costs 

The assumption of no-arbitrage still holds in the presence of variable transaction 
costs such that any portfolio constructed based on the three assets: S, B and V, is 
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riskless and grows according to the risk-free rate of interest. The portfolio must 
also be self-financing. Consider a self-financing portfolio Π consisting of one 
Bermudan call option in a long position at the price V and SΠ  shares of the 
underlying asset with variable transaction costs of trading denoted by C. It fol-
lows that the value of the portfolio at time t is SV S CΠ = +Π − . The self-financing 
assumption implies that  

d d dsV S CΠ = +Π −∆                    (13) 

In Equation (13), the risky asset satisfies the IBM with the dynamics 
d d dtS S t Wµ σ= +  and the option V, by the Itô’s lemma, evolves according to  

the process 
2

2 2

1d d d
2 t

t

V V V VV S t W
t S SS

µ σ
σ

 ∂ ∂ ∂ ∂
= + + + 

∂ ∂ ∂∂ 
. What remains is to  

find ΔC. The notations tS S= , tW W= , ( ),tV S t V=  and ( )tΠ = Π  are used 
for convenience. 

The derivation of ΔC follows the ideas of [18] [19] but with slight modifica-
tions. In [18], the cost of transaction is assumed to be a fixed percentage of the  

trading volume such that ask bidS S
C

S
−

=  where 
2

ask bidS S
S

+
=  and ask bidS S≥ .  

The value of the portfolio changes over the time interval [ ], dt t t+  by either sell-
ing 0s∆Π <  or purchasing 0s∆Π >  shares of the underlying. This means 
that trading in s∆Π  shares of the underlying yields an additional transaction 
cost ΔC for the option holder given by 

2 s
SC C∆ = ∆Π                         (14) 

where ΔC is approximated by its expected value that is, [ ]C E C∆ ≈ ∆ . 
In the modification of [19], the cost of transaction is assumed to be a non-in- 

creasing function of the change in the number of shares traded s∆Π  such that 
( )SC C= ∆Π  and  

( )
2 S s
SC C∆ = ∆Π ∆Π                     (15) 

In the current approach, variable transaction costs are introduced for each 
small-time interval as a non-increasing function of the LRB market information 
process tξ  and change in the number of shares traded s∆Π  such that  

( ),S tC C ξ= ∆Π . The transaction costs are assumed to decrease as the market 
information process driving the price process increases. This is motivated by the 
fact that more market information about the prices reduces the bid-ask spreads 
and uncertainty about the price, hence lowering the transaction costs for market 
participants [17]. Similar to [19], the transaction costs are expected to be dis-
counted for investors trading in a higher number of shares of the underlying. 
The information process is assumed to be independent of the number of shares 
invested. It follows that 

( ),
2 S t S
SC C ξ∆ = ∆Π ∆Π                   (16) 
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Using [ ]C E C∆ ≈ ∆ ,  

( ){ },
2 S t S
SC E C ξ∆ = ∆Π ∆Π                 (17) 

( ),
2 S S t
S E E C ξ  = ∆Π ⋅ ∆Π                (18) 

The first expectation in Equation (18), ΔΠSE     is obtained by applying the 

delta hedging strategy and Itô’s lemma such that 
2

2
S

S
V V
S S S

∂Π∂ ∂
Π = − ⇒ = −

∂ ∂ ∂
. 

Thus,  

( )
2 2

2 2d d dS t
V VS S t W

S S
µ σ∂ ∂

∆Π = − = − −
∂ ∂

            (19) 

2

2 dt
V W

S
σ∂

= −
∂

 since d 0t ≈                  (20) 

Taking expectation in Equation (20), it follows that 

[ ]
2 2

2 2

2d dS t t
V VE E W t

S S
σ σ∂ ∂

 ∆Π = =  π∂ ∂
          (21) 

The second expectation in Equation (18), ( ),S tE C ξ ∆Π  , can be derived 
depending on the nature of the transaction cost function ( ),s tC ξ∆Π  result-
ing in different forms of the pricing equation.  

Briefly, we present two examples of realistic non-increasing transaction cost 
functions studied in the literature namely; the non-increasing exponential transac-
tion cost function and non-increasing Linear Transaction Cost Function. We 
define the fixed percentages, 0C  as the constant cost of trading, 1C  as the re-
duced cost per amount of share traded, and 2 0C >  as the reduced cost per unit 
time as t T→ . 

3.1. The Non-Increasing Exponential Transaction Cost Function 

Consider the following non-increasing exponential transaction cost function as 
introduced by [19]. 

( ) 1 2
0, e t SC C

s tC C ξξ − − ∆Π∆Π =                   (22) 

The expected value is given as 

( ) ( ) ( )1 2 21
0 0, e e et S StC C CC

S tE C E C C E Eξ ξξ − − ∆Π − ∆Π−  ∆Π = =         (23) 

Since ( )
~ ,t i T

t T t
N tX

T
ξ λ

− 
 
 

, it follows that the expectation containing tξ  

in Equation (23) yields 

( )
( )

1
1 2e e

i T
t

t T t
C tX

TCE
λ

ξ

− 
− +  −  =                    (24) 

Using 
2 2

2 2d dS t t
V VW t

S S
σ σ φ∂ ∂

∆Π = − ≈ −
∂ ∂

 where ( )~ 0,1Nφ , it follows 
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that the expectation containing S∆Π  in Equation (23) yields 

( )
2 2

2 22 22
1d d
2e e e e e

t t
S

V VC t C tC S SE E
σ σ

φ
∂ ∂

− − −− ∆Π −∂ ∂ ⋅ = =           (25) 

Combining Equations (24) and (25)  

( )
( ) 2

1 2 2
1d2 2

0, e e e
i T t

t T t VC tX C tT S
S tE C C

λ σ
ξ

−  ∂− +  − − 
  ∂ ⋅ ∆Π =                    (26) 

( ) 2

0 1 2 2

1exp d
2 2i T t

t T t VC C tX C t
T S

λ σ
 −  ∂

= − − + −   ∂  
  (27) 

Substituting Equations (21) and (27) into Equation (18) yields 

( ) 2 2

0 1 2 2 2

1 2exp d d
2 2 2i T t t

t T tS V VC C C tX C t t
T S S

λ σ σ
 −  ∂ ∂

∆ = − − + −    π∂ ∂  
 (28) 

Replacing the dynamics of dS and dV as well as the value of ΔC obtained in 
Equation (28) into Equation (13) gives 

( )

( )

2
2

2

2 2

0 1 2 2 2

1d d d d d
2

1 2exp d d
2 2 2

t t S t

i T t t

V V V VS t W S t W
t S SS

t T tS V VC C tX C t t
T S S

µ σ σ µ σ

λ σ σ

 ∂ ∂ ∂ ∂
Π = + + + +Π + ∂ ∂ ∂∂ 

 −  ∂ ∂
− − − + −    π∂ ∂  

 (29) 

The portfolio is expected to be risk-less, this means that the terms containing 
the Brownian motion dW are zero such that 

( )2
2

0 12

2 2

2 2 2

1 1d exp
2 2 2 2

2d d
d

t i T

t t

t T tV V S C C tX
t TS

V VC t t
tS S

σ λ

σ σ

 − ∂ ∂
Π = + − − − +  ∂ ∂ 






∂ ∂
−  π



 



∂ ∂

     (30) 

Furthermore, under the no-arbitrage assumption, the portfolio must earn a 
risk-free rate. This means that d dr tΠ = Π  so that,  

( )2
2

0 12

2 2

2 2 2

1 1exp
2 2 2 2

2d d d
d

t i T

t t

t T tV V S C C tX
t TS

V V VC t t r V S t
t SS S

σ λ

σ σ

  − ∂ ∂
+ − − − +    ∂ ∂  

∂ ∂ ∂ − = −  π ∂∂ ∂   

        (31) 

Dropping the dt term on both sides of Equation (31) yields the PDE 

( )2
2 0

12

2 2

2 2 2

1 11 exp
2 2 2d

2d 0

t i T
t

t

t T tSCV V C tX
t TS t

V V VC t sign rS rV
SS S

σ λ
σ

σ

  − ∂ ∂
+ − − − +   ∂ ∂   

  ∂ ∂ ∂
− + − =  π ∂∂ ∂   

      (32) 

3.2. The Non-Increasing Linear Transaction Cost Function 

Consider the following linear non-increasing transaction cost function similar to 
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the one introduced by [20] 

( ) 0 1 2,s t s tC C C Cξ ξ∆Π = − ∆Π −                (33) 

{ }2
0 1 22 S s t S

SC E C C C ξ ∆ = ∆Π − ∆Π − ∆Π                   (34) 

22 2 2

0 1 22 2 2

2 2 d
2 d dt t i T
S V V VC C C tX t

t tS S S
σ σ λ

  ∂ ∂ ∂ = − −  π π∂ ∂ ∂  
 (35) 

The change in the value of the portfolio is 

( )
2

2
2

22 2 2

0 1 22 2 2

1d d d d d
2

2 2 d
2 d d

t t S t

t t i T

V V V VS t W S t W
t S SS

S V V VC C C tX t
t tS S S

µ σ σ µ σ

σ σ λ

 ∂ ∂ ∂ ∂
Π = + + + +Π + ∂ ∂ ∂∂ 

  ∂ ∂ ∂ − − −  π π∂ ∂ ∂  

  (36) 

The resulting PDE is 
2 2 2

2 0 1
2 2 2

2
2

2

1 21
2

0

t
t t

i T
t

SC SCV V V Vsign
t S S S

SC V VtX sign rS rV
SS

σ
σ σ

λ
σ

  ∂ ∂ ∂ ∂
+ − −  ∂ π∂ ∂ ∂  

 ∂ ∂
− + − =  ∂∂  

         (37) 

4. The Stochastic Optimal Control Problem 

The price of the Bermudan call option is given by Equation (32) and Equation 
(37) for the non-increasing exponential transaction cost function and the non- 
increasing linear transaction cost function respectively. These equations are 
second-order non-linear PDEs whose solution cannot be defined analytically but 
can be obtained at least in some adequate weak sense using the theory of viscos-
ity solutions. The definition of viscosity solutions can be found in [11]. Let 
Ω∈� , the discrete Dirichlet problem for the Bellman Equation (12) can be re-
written as 

( )
( ) ( )

2 , , , 0 in

, in

V B V V S V
t

V S Sτ

∂ + ∇ ∇ = Ω ∂
 = Φ ∂Ω

              (38) 

In this case, ( ) ( ),V S Sτ = Φ  is the stopping or exercise region, and  

( )2 , , , 0V B V V S V
t

∂
+ ∇ ∇ =

∂
 is the continuation region where B is the discrete- 

time Bellman equation defined by 

( )max ,B V S τ=                         (39) 

where   is the differential operator for the IBM-PDE with variable transaction 
costs given by 

2
2

2

1 ˆ
2 trS rV

S S
σ∂ ∂

= + −
∂ ∂

                    (40) 

For the non-increasing exponential transaction cost function of the form in 
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Equation (22) 

( )2 2 0
1

2 2

2 2 2

1ˆ 1 exp
2 2d

2d

t t i T
t

t

t T tSC
C tX

Tt

V VC t sign
S S

σ σ λ
σ

σ

  − 
= − − − +     

  ∂ ∂
−   π∂ ∂   

          (41) 

For the linearly non-increasing function of the form in Equation (33) 
2 2 2

2 2 0 1 2
2 2 2

2ˆ 1t t i T
t t t

SC SC SCV V Vsign tX sign
S S S

σ σ λ
σ σ σ

    ∂ ∂ ∂
= − − −    π ∂ ∂ ∂     

    (42) 

Assuming 0 1 2, ,C C C  are small enough, ˆ 0tσ >  for both cost functions.  

5. Existence and Uniqueness of the Solution to the  
Non-Linear IBM PDE under Variable Costs 

It suffices to show that the solution to the Dirichlet problem in Equation (38) 
exists and is unique which corresponds to the optimal price of the Bermudan 
option. The following regularity assumptions on Equation (38) are introduced. 

1) ( )SΦ  is continuous and bounded in  , ( ),V S τ⇒  is also continuous. 
2) ( ),V S τ  does not have to be everywhere differentiable w.r.t. S. 
3) ( ),V S τ  is strictly non-decreasing and grows quadratically is S. 
Proposition 1: Under assumptions i-iii, there exists a unique solution V of the 

Bellman equation. 
Existence Proof via Perron’s Method 
Let S ′∈Ω   be a limit point and define the upper semicontinuous (USC) and 

lower semicontinuous (LSC) envelopes of the function ( ),V S τ  by respectively, 
( ) ( ), lim sup ,

S S
V S V Sτ τ

′→
=  and ( ) ( ), lim inf ,

S S
V S V Sτ τ

′→
= . By comparison prin-

ciple, ( ),V S τ  satisfies ( ) ( ) ( ), , ,V S V S V Sτ τ τ≤ ≤ . Under Perron’s method, 
the idea is to show that given any stopping time τ, ( ),V S τ  is a viscosity sub- 
solution and ( ),V S τ  is a viscosity super solution, hence ( ),V S τ  is a viscosity 
solution of the Bellman equation [21]. Lemmas 1 and 2 are fundamental to the 
proof of existence and lemma 3 proves the uniqueness of the solution.  

Lemma 1: V(S, τ) is a viscosity sub-solution of the Bellman equation 
Proof: By definition [11], this requires showing that ( ),V S τ  satisfies the 

viscosity sub-solution property such that, if ( ) ( ),V S Sτ −Φ  attains a local 
maximum at a limit point S ′∈Ω , then  

( )2 , , , 0V B V V S V
t

∂
+ ∇ ∇ ≤

∂
                   (43) 

Let 2  denote the class of twice differentiable continuous functions. It is 
clear that ( ) 2SΦ ∈  and suppose ( ) ( ),V S Sτ −Φ  has a local maximum at 
S ′ , such that 

( ) ( ){ } ( ) ( )max , , 0V S S V S Sτ τ′ ′−Φ = −Φ =            (44) 

By assumption iii, define another function 
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( ) ( ) ( ) ( ) 4,S S V S S S Sτ′ ′ ′Ψ = Φ + −Φ + −             (45) 

It follows that ( ) ( ),V S Sτ −Ψ  attains its strict maximum at S ′  such that  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

4, , ,

, 0

V S S S S V S S V S S

V S S

τ τ τ

τ

′ ′ ′−Ψ + − = −Φ ≤ −Φ

′ ′= −Ψ =
    (46) 

This yields 

( ) ( ) 4,V S S S Sτ ′−Ψ ≤ − −                   (47) 

Since Ω is a complete metric space, all sequences nS  are Cauchy sequences 
such that nS S ′→  as n →∞ . This implies that ( ) ( ), ,nV S V Sτ τ′→  and for  

each n, there exists nV  such that ( ) ( ) 1, ,n n nV S V S
n

τ τ≥ − . It follows from Eq-

uation (47) that  

( ) ( )4 ,n n nS S S V S τ′− ≤ Ψ −                   (48) 

( ) ( ),n n nS V S τ≤ Ψ −                  (49) 

( ) ( ) 1,n nS V S
n

τ≤ Ψ − +               (50) 

0≤                               (51) 

Since nS S ′→ , implies ( ) ( )nS S ′Ψ → Ψ  and ( ) ( ), ,nV S V Sτ τ′→  thus, 

( ) ( ) ( )( )2 , , , , , , 0B V S V S S V Sτ τ τ′ ′ ′ ′∇ ∇ ≤              (52) 

This implies that ( ),V S τ  is a viscosity sub-solution. 
Lemma 2: V(S, τ) is a viscosity super-solution of the Bellman equation 
Proof: Similarly, the super-solution property amounts to show that if  
( ) ( ),V S Sτ −Φ  attains a local minimum at S ′ , then 

( )2 , , , 0V B V V S V
t

∂
+ ∇ ∇ ≥

∂
                  (53) 

The proof is by contradiction. Suppose ( ),V S τ  is not a super-solution, then 
there exists ( ) 2SΦ ∈  and a limit point S ′∈Ω , such that  

( ) ( ){ } ( ) ( )min , , 0V S S V S Sτ τ′ ′−Φ = −Φ =            (54) 

Suppose ( ),Sω τ  is a viscosity super-solution of the Bellman equation, then 
by comparison principle ( ) ( ), ,V S Sτ ω τ≤ . If ( ) ( ),S Sω τ′ ′Φ = , then  
( ) ( ),S Sω τ −Φ  has a local minimum at S ′  which is a contradiction since 
( ),Sω τ  is a super-solution. It remains to show that ( ) ( ),S Sω τ′ ′Φ < . Using 

Equation (45), there exists 0>  such that ( ) ( ),S V S τΨ ≤  and  
( ) ( ),S Sω τΨ + ≤  implies  

( ) ( ) ( )( )2 , , , ,B S S S V S τ∆ Ψ ∆Ψ ≤ −               (55) 

Define another function ( ) ( ) ( ){ }, max , ,g S S V Sτ τ= Ψ +  . It can be seen 
that ( ) ( ) ( ) ( ), , , ,S g S S V Sω τ τ ω τ τ≥ ⇒ > . By definition, there exists nS S ′→  
as n →∞  such that ( ) ( ), ,nS Sω τ ω τ′→  and ( ) ( ), ,nV S V Sτ τ′→ . This 
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completes the proof.  
Lemma 3: The value function V(S, τ) is the unique viscosity solution of 

the Bellman equation 
Proof: Given any stopping time τ it has been shown that the solution of the 

value function exists. The application of the Banach Fixed Point Theorem [22] 
proves the uniqueness of this solution.  

Define another function :f Ω→Ω  such that ( )( ) ( ), ,f V S V Sτ τ=  where 
( ),V S τ  is any fixed point of f. Since ( ),V S τ  is continuous and non-decreasing 

on the interval [ ]0,T , the application of the Intermediate Value Theorem im-
plies that there exists a value K in between ( )0 ,0V S  and ( ),TV S T  such that 

( ) ( )0 ,0 ,TV S K V S T< <                     (56) 

Dividing both sides of the inequality in Equation (56) by ( ),TV S T  yields 

( )
( )

0 ,
1

,T

V S T
K

V S T
< <                        (57) 

Such that ( )
( )

0 ,
0

,T

V S T
V S T

≥ . This implies that there exists a value [ )0,1K ∈   

which is the Lipschitz constant of the function f. It follows from Mean Value 
Theorem that the derivative of f exists on the interval [ ]0,T  and that there ex-
ists a value ( ),V S τ  in between ( )0 ,0V S  and ( ),TV S T  such that  

( )( ) ( )( )
( )( ) ( ) ( ) ( ) ( )

0

0 0

, ,0

,
, ,0 , ,0

T

T T

f V S T f V S

f V S
V S T V S K V S T V S

S
τ τ

−

∂
= − ≤ −

∂

     (58) 

Therefore, f is Lipschitz with respect to S and is a contraction mapping since 
1K < . The Lipschitz continuity property also guarantees the existence of the 

solution of ( ),V S τ . By Banach Fixed Point Theorem, f admits a unique fixed 
point which we can write as ( )ˆ,V S τ  where τ̂  is the optimal exercise time for 
the Bermudan option.  

6. Conclusion 

This paper extends IBM by allowing for variable transaction costs in determin-
ing the price of a Bermudan option. Rather than a closed form formula, the price 
of the option is derived as a non-linear second order PDE with modified volatil-
ity due to the transaction costs of trading. Mathematical results showing the ex-
istence and uniqueness of the solution of the PDE are presented by the applica-
tion of stochastic optimal control and the theory of viscosity solutions. There-
fore, it can be deduced that the price of a Bermudan option for an asset driven 
by the LRB market information process is the unique viscosity solution of its 
corresponding Bellman equation. Further research can be focused on identifying 
an effective numerical approximation scheme that can compute the Bermudan 
option prices under the information-based asset pricing model with variable 
transaction costs. 
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